We investigate the Relative Intensity Noise (RIN) properties of a multi-Stokes Brillouin fiber ring laser. We experimentally analyse intensity noise of each Stokes waves and study the noise dynamics of the cascaded Brillouin scattering process. We observe up to 20 dB/Hz intensity noise reduction compared to that of the RIN input pump laser. We examine the impact of the fiber ring quality factor on the laser RIN features such as amplitude reduction and relaxation frequency. A numerical model based on a set of coupled-mode equations replicate the experimental observations; confirming the class B like behavior of a multi-Stokes Brillouin laser. Our study enables to determine the optimal parameter values to operate the multi-Stokes laser in the low noise regime.
Introduction
Stimulated Brillouin Scattering (SBS) process [1] generate considerable interests in laser physics communities for its ability to induce low noise lasers [2, 3] . Linewidth narrowing and intensity noise reduction have been demonstrated in various systems as fiber rings [4] , whispering gallery mode microresonators [5] or planar waveguide structures [6] to only name a few. Those systems are made of nonlinear materials as silica [7] , chalcogenide [8] , silicon nitride [9] , crystal fluoride [10] or silicon [11] . SBS low noise lasers are attractive candidates for a large panel of applications ranging from coherent optical communications [12] , RF signal generation [13] and processing [14] to sensors [15] . Laser performances have been widely studied and in particular intensity [4, 16] and frequency noises [9, 17] reaching even metrological performances [18, 19] . Cascading the SBS process by using one Stokes order, as a pump, for the next red shifted Stokes wave brings the possibility to produce a comb source with equally spaced lines [20] . A remaining question concerns the potential of cascading the SBS process to improve the intensity and frequency noise reduction. Recently, a theoretical paper predicts that intensity and frequency noise reduction are not possible by cascading the SBS process [21] . It should be noted that noise reduction has been already observed in Brillouin laser when second Stokes order starts to lase [8, 22] . In this paper, we demonstrate that, under a specific operating regime, Stokes line intensity noise can be reduced up to 40 dB/Hz respect to the input pump RIN. Moreover, we report the complex RIN dynamics of a multi-Stokes Brillouin laser (MBL) in various configurations. In particular, we investigate the role of the ring cavity Q-factor on the relaxation of oscillation and on the RIN reduction of the MBL. Our numerical simulations support our experimental observations. The paper is organized as the following: in Section 1 we describe the experimental setup and the fiber ring resonator used for the present study. In Section 2, we introduce the MBL model based on coupled-mode equations. In Section 3, we derive the stationary response of MBL and recall its working principle. In Section 4, we study the RIN behavior of Stokes lines in function of the input pump power and determine the conditions to obtain low-intensity noise laser emission. We finally discuss the role of cavity lifetimes on the RIN performance of the MBL. 
Experimental Details

Fiber Ring Cavity
The central element of the MBL is composed of a fiber ring resonator depicted in Fig. 1 (b) . The gain or losses inside the resonator is quantified by the intrinsic cavity lifetime (τ 0 /2) and the coupling strength by the coupling lifetime (τ e /2). The total photon lifetime of the resonator is expressed as 1/τ = 1/τ 0 + 1/τ e bringing to the Q-factor equation Q = ωτ/2. The resonator is made of a 20 m polarization-maintaining fiber corresponding to a free-spectral range (FSR) of 10 MHz. The light is coupled in and out through a variable coupler allowing to vary the coupling coefficient and then the Q-factor of the resonator [23] . In the present study, we consider two resonator configurations which we call: the high-Q resonator (Q h = 6 × 10 8 ) and the low-Q resonator (Q l = 2 × 10 8 ). Cavity parameters are extracted using the cavity ring down method [23] . The low-Q factor and high-Q factor cavities are in the overcoupling (τ 0 > τ e ) and the undercoupling (τ 0 < τ e ) regimes respectively. In terms of Brillouin laser performances, the overcoupling regime implies a higher output power at the price of higher lasing threshold (P th = 26.5 mW) with respect to the undercoupling operation (P th = 7.2 mW). As it will be shown later, the Q-factor of the resonator impacts the RIN features of the MBL (Sec. 4.3).
Experimental setup
The experimental setup is illustrated in Fig. 1 . The fiber ring cavity is optically pumped using a continuous wave (CW) 1 kHz line-width laser emitting at 1552.4 nm. The laser output power is amplified before the cavity injection. A motorized variable optical attenuator helps to control the input power in the MBL. 1% of the input pump power is collected for power monitoring. The laser pump signal is introduced in the cavity via a circulator and a coupler, and then propagates clockwise in the cavity (red arrow). The circulating pump wave initiates Brillouin amplification in Stokes 1 wave traveling in the opposite direction (blue arrow). For sufficiently high pump power (P in = P th ), Brillouin lasing threshold is reached giving rise to efficient Stokes 1 emission outside the resonator. Stokes 1 wave can, in turn, play the role of pump laser for Stokes 2 wave (green arrow), the cascading process is then activated.
Cavity servoing
The laser threshold for the various Stokes waves can be drastically reduced when the pump signal is resonantly coupled in the cavity. This configuration can be achieved by locking a cavity resonance to the CW pump laser. We implement a derivative spectroscopy stabilization method [24] , its setup is presented in the gray box in Fig. 1 (c) . The actuator consists in a piezoelectric (PZT) ceramic cylinder wrapped by few meters of fiber. Varying the voltage on the piezoelectric implies a modification of the cavity length and then a control of the frequency position of the cavity resonances. We apply a fast modulation frequency of 10 kHz and a slow modulation of 5 Hz on the PZT through a high-voltage amplifier. The slow modulation scans the cavity resonances. High-frequency dithering at 10 kHz creates derivative error signal from a lock-in amplifier. Actuator signal is produced by sending the error signal to a PID controller. Using this technique the cavity is maintained in resonance with the pump laser during MBL operation.
RIN measurement
The usual measurement method of intensity noise characterization consists in the acquisition of the Power Spectral Density (PSD) of the intensity noise of a laser line [25] . We will, therefore, use an Electrical Spectrum Analyzer (ESA) to obtain the PSD of the electrical signal at the detection level. The intensity noise measurement bench is schematically described in the Fig. 1 (d) . The detection system consists of a photodiode with a bandwidth from DC to 1 GHz, a transimpedance amplifier (TA) with a variable bandwidth depending on the gain, but not exceeding 200 MHz, and a "DC-Block" module with very low cut-off frequency (1 Hz), to remove the DC component of the electrical signal in order to avoid damaging of the ESA. In Section 4, we report analysis of the MBL RIN measurements for different Stokes lines.
Theoretical model
To study theoretically the RIN of generated Stokes orders in the cascaded SBS process, we extend the model described by W. Loh et al. [26] in the framework of single Stokes generation, to the MBL. The model, based on the coupled modes formalism [27] , depicts the temporal dynamics of 2N + 1 coupled-mode equations where N is the maximum number of Stokes waves under consideration:
Here A η , ω η , and τ η are the amplitude, frequency and lifetime of the generated Stokes wave label η (with η ∈ [1, N]). Eq. (1) describes the dynamics of the pumped mode A 0 , its angular frequency is ω 0 = 1.22×10 15 rad/s. τ e is the pump-resonator coupling time constant. ρ η and Ω η are the amplitude and frequency of the density wave label η. Γ b = 2π×30×10 6 rad/s is the loss rate of the density wave and Ω b = 2π×11.55×10 9 rad/s is the acoustic frequency where the SBS gain is maximum. These two parameters are experimentally extracted. We consider a constant Brillouin Stokes shift over the cascading process, which means, Ω b = Ω η for all η. Coefficients q η and p η are:
where γ e = 1.5 is the electrostrictive constant, 0 is the vacuum permittivity, n 0 = 1.44 is the refractive index for silica, ρ 0 = 2200 kg/m 3 is the equilibrium density of the material, v is the velocity of the acoustic wave. In the present work, the resonator is composed of fiber. We can reasonably consider that modes are similarly confined in the fiber and then fix the value of mode overlaps [18] Λ η and Λ ρ η to 1. The amplitude of the pump wave is S = P/(V ph 0 ), where P is the power of the laser (in watts) and V ph = 1.56 × 10 −9 m 3 is the optical mode volume of the fiber ring cavity. The total lifetime τ η of each Stokes wave can be found by 1/τ η = 1/τ 0η + 1/τ eη where τ 0η is the intrinsic lifetime (cavity losses) and τ eη is the coupling lifetime. For the reason of simplification, we consider the lifetimes equal for all waves, and we write τ η = τ, τ 0η = τ 0 , τ eη = τ e , q η = q, and p η = p. In this article, we study the case of zero detuning between cavity resonance and the laser wavelength, which means σ 0 = ω L − ω 0 = 0. Experimentally, this configuration is maintained by the cavity servoing. We will see in the following that this resonant pump configuration is a key factor to get good matches with the experimental results.
RIN Simulation
To calculate RIN, we introduce noise in the pump term of Eq. (1) as S 0 = S + f r . Here f r represents the fluctuations of the pump amplitude approximated by a Langevin white Gaussian noise source with f r (t) f * r (t ) = Cδ(t − t ), where C is the auto-correlation strength of f r . C is used as a fitting parameter and it disappears after the normalization of Stokes RIN to the input pump RIN. Numerical simulations correspond to time streams of 7 ms with a time resolution of 3 ns. The corresponding quite large number of events justify the use of a Gaussian distribution, instead of a Poissonian one through the central limit theorem [28] . Then we take the amplitudes fluctuations δ| A η | = | A η | − | A η | S , and we find their spectral densities S p δ | A η | by converting them in the frequency domain and multiplying by the complex conjugate. RIN is finally determined by [18] :
RIN curves represent the result from the averaging over 20 computations.
Cascade effect in Brillouin Fiber Laser
We study the stationary response of a resonantly pump fiber cavity through the output power Stokes (P s ) as function of the input pump power. We recall the principle of the cascaded generation of Brillouin Stokes waves in such a resonator. We plot in Fig. 2 (left axis) , the evolution of output Stokes lines 1, 2, and 3 as function of the input pump power (straight lines) for the low-Q factor cavity. Independent Stokes lines output power characterization are performed by optical filtering. Above the normalized pump power P in /P th = 1, the pump circulating power is clamped. This operating point corresponds to the onset of coherency in the first Stokes order. Indeed, the Brillouin gain, induced by the pump laser, balances the linear losses experience by Stokes 1 line: efficient stimulated Brillouin emission occurs (blue curve). When the power in Stokes 1 (S1) reaches the normalized output power needed to compensate S2 linear losses, coherent emission also takes place; the cascaded process is on. The cascaded generation of multiple Stokes waves has been treated analytically by Toyama et al. [29] considering resonant pumping of the cavity and constant Brillouin gain for the all Stokes orders. Analytical expressions for the Stokes power evolution versus input pump power are derived from Eqs. (1, 2, 3) (see Appendix). The model gives rise to similar results than previously reported models in the literature [21, 29] . It is worth to mention that when the output power of a Stokes order (η + 1) evolves monotonically with the pump power, the output power of the pumping Stokes order (η) is constant due to the clamping effect [30] . Stokes lines output power alternate between monotonous evolution and constant power emission when the clamping effect occurs due to the onset of coherent emission on the η + 1 Stokes wave. This effect is determinant to explain the main contribution of the paper related to the intensity noise reduction of MBL discussed in the next Section.
Relative intensity noise of multi-Stokes laser
This Section reports the main contribution of this paper regarding the intensity noise evolution of a multi-Stokes laser. We normalize the Stokes RIN level to the input pump RIN laser to determine the Brillouin laser RIN transfer function. In Section 4.1, we scrutinize the overall evolution of the RIN for the Stokes waves S1, S2, and S3 as function of the input pump power. Then, in Section 4.2, we focus on the RIN behavior for individual Stokes lines S1 and S2, which are performed revealing the class B behavior of the multi-Stokes laser. In Section 4.3, we discuss the impact of the cavity Q-factor on the MBL RIN. All experimental RIN results are compared to numerical simulations performed with experimentally extracted parameters.
RIN versus the cascade process
As a first step in the study of RIN in MBL, we discuss the behavior of the RIN at 4 kHz from the carrier. We report in Fig. 2 (right axis) the RIN behavior of the three first individual Stokes lines as function of the input pump power. Dotted lines correspond to experimental RIN measurements and starred lines to numerical simulations. We first focus on the S1 RIN. For a normalized input pump power of 1, corresponding to the S1 threshold, S1 RIN highlights 20 dB/Hz excess RIN with respect to that of normalized input pump. As mentionned before, the pump clamping between 1×P th and 4×P th , implies a transfer of pump fluctuations towards S1 [17] . Those fluctuations are amplified through the Brillouin gain explaining the excess noise. While going away from the threshold, the S1 output power increases implying a progressive decrease of the RIN towards the input pump RIN level. It is worth to notice that, in single mode Brillouin laser, the output Stokes RIN can even be lower than the input pump RIN. The noise reduction is strongly dependent of the cavity and Brillouin gain coefficients [16] , and the laser sensitivity to environmental perturbations as in a usual laser. In the present work, we take advantage of the SBS cascade effect to reduce Stokes noise level below the input pump RIN as described below. Above 4 × P th , which corresponds to the S2 lasing threshold, the S1 experiences an abrupt RIN reduction up to 20 dB compared to the input pump RIN level. This reduction originates from the clamping effect of S1 due to the appearance of the stimulated S2 emission. In that regime, the "gain=loss" condition acts as a driving force to maintain the S1 output power constant [See Eq. (7)]. Thereby, any intensity fluctuations of S1 are attenuated. At 8 × P th , coherent S3 emission arises. S2 becomes an efficient pump for S3, and similarly, intensity noise reduction occurs for S2 above the S3 lasing threshold power. Since S2 output power is clamped, S1 output power increases again proportionally to the input pump power. The consequences on the S1 RIN are instantaneous and manifest as an increase of noise level toward the input pump one. Concerning the S3 RIN, close to the threshold, its RIN reaches 36 dB/Hz in excess to the pump laser RIN and progressively shortens towards the input pump RIN level. This high RIN level can be attributed to the noise transfer through the cascade effect. Indeed, SBS process implies energy conservation between involved waves. Then, RIN of uphill waves are transfered, and even amplified, to downhill waves. Moreover, as mention by Behunin et al. [21] spontaneous anti-Stokes emission can also degrade RIN of Stokes waves (not taken into account in our model). Simulation procedure has been described in section 2. RIN behavior is very well reproduced by the numerical simulations (starred lines) in particular: (i) the monotonous reduction of RIN in free running regime and (ii) the sudden reduction in the clamping regime. A discrepancy in the RIN reduction amplitude between the model and the experiment exists in the clamping regime. The model expects up to -40 dB/Hz reduction when the experimental results tend to -20 dB/Hz. This difference is attributed to the limited sensitivity of our experimental bench. In this Subsection, we have shown the substantial impact of the clamping effect on the intensity noise properties of the laser. In other words, once the Stokes line labeled η + 1 reaches the lasing threshold power, the "gain=loss" condition implies the clamping of the Stokes wave η playing the role of the pump. In this regime, fluctuations of Stokes η are sharply reduced, and up to 20 dB/Hz reduction compared to the RIN of the input pump laser is experimentally observed. Similar noise fluctuations reduction have been demonstrated in semiconductor optical amplifier (SOA) used in the saturation regime [31, 32] . In the following Subsection, we describe in detail the RIN behavior of individual Stokes order for various operating points to show the rich dynamics of RIN when MBL emission takes place.
RIN of individual Stokes lines
To get more insight on the intensity noise of individual Stokes lines, we propose to study the complete RIN noise behavior for various input pump powers. We plot in Fig. 3 the RIN of S1 (blue color) and S2 (green color) between 1 kHz and 10 MHz in two operating points: i) in clamping regime [ Fig. 3 a) and d) ] ii) in monotonous regime [ Fig. 3  b) and c) ]. We will first focus on light blue curves corresponding to the low Q-factor cavity. In the clamping regime [ Fig. 3 a) and d) ], a 20 dB reduction of the S1 and S2 RIN occurs at low offset frequency (< 100 kHz). As explained previously, the onset of laser emission on S η+1 implies the clamping of S η power and then the attenuation of its RIN amplitude. The RIN follows the usual noise distribution of a class B laser featuring a relaxation of oscillation. Its origin comes from the coupling between phonons and photons similarly to photons and electrons in a class B diode laser [26] . An analytical expression for the relaxation frequency in single Stokes regime (P in from 1 to 4 ×P th ) can be expressed as [26] f R = 1 2π [33] . Both cavities show an excellent superposition between the analytical expressions and experimental results. For P in > 4 × P th , the laser shifts from single to multi-Stokes Brillouin lasing and then Eq. (6) is not valid anymore. The onset of S3 line for P in > 8 × P th implies the appearance of multiple frequencies of relaxation originating from the complex Stokes waves coupling [21] as shown on the RIN of Stokes 2 [ Fig. 3 d) , inside the interval (100 kHz, 2 MHz)].
In the monotonous regime [ Fig. 3 b) and c)], when the considered Stokes order has an output power that increases monotonically with the input pump power, RIN amplitudes at low offset frequency rise to at least the input pump RIN level. In this regime the noise transfer channel from "pump" to Stokes line is open. It corresponds to noise transfer from input pump toward S1 in Fig. 3 b) or from S1 toward S2 in Fig. 3 c) .
As shown in Fig. 3 , our experimental observations are well reproduced by numerical simulations based on the model exposed in Section 2. In particular noise reduction at low offset frequencies, complex relaxation frequency shape and position and noise amplitude are well reproduced. As expected, the model shows that the cavity lifetime and the pump power determine the frequency of relaxation resonances. Similar RIN behavior is observed experimentally for incoming Stokes orders alternating sequences of low RIN level at low frequency offset when the Stokes line is clamped and high RIN level when the noise of previous Stokes order is efficiently coupled through SBS process.
Impact of photon lifetimes
In this Section, we highlight the fundamental role of the cavity parameters on the RIN properties of the class B MBL. For this purpose, we vary the coupling coefficients to modify the coupling lifetime τ e from 0.5 µs to 3.7 µs. The intrinsic lifetime, τ 0 of the resonator remains the same since no additional losses are introduced (τ 0 = 1.4 µs). Details about the two configurations and their characterizations are given in Section 1.1. Fig. 3 reports the RIN behavior for two cavity configurations. The light and deep colored curves refer to the low-Q (shorter photon lifetime) and high-Q (longer photon lifetime) resonator configuration respectively. By comparing the RIN of both configurations, two main features can be associated with the total photon lifetime values. First, the frequency of the relaxation resonance is directly determined by the phonon lifetime and the total photon lifetime of the cavity as shown by Eq. (6). Indeed, the shorter lifetime cavity (low-Q) systematically highlights a larger relaxation frequencies for S1 and S2 lines. This behavior has been reported in Fig. 4 , showing the frequency redshift versus input pump power (1 and 4 × P th ) for both configurations. Secondly, low offset frequency Stokes RIN levels are systematically higher for the high-Q resonator. As an example, the S1 RIN in the high-Q configuration (deep blue) presents an excess noise of 25 dB/Hz with respect to the low-Q configuration (light blue) [ Fig. 3 b) ]. A possible explanation can be found in the relative frequency fluctuations between the input pump laser and the cavity resonance. The steeper the cavity resonance is, the better the frequency fluctuations are transducted in intensity fluctuations. Then, the high-Q resonator RIN is more sensitive to thermal [18] and mechanical noise [16] and favor the transfer of low frequency pump fluctuations. Those effects are not taken into account in the present model, which may explain the discrepancy in the RIN level observed at low offset frequency in Fig. 3 .
Conclusion
In this paper, we demonstrate that low offset frequency RIN of considered Stokes lines can be strongly attenuated when operating in the clamping regime. This is particularly true for first Stokes orders where 20 dB/Hz RIN reduction is observed compared to the input pump RIN. Class B behavior of the MBL is revealed by our study of the impact of photon lifetime on the relaxation frequency. Experimental observations are well supported by numerical simulations that reproduced the main features of multi-Stokes RIN. Our study gives inputs to design optimized Brillouin fiber laser in term of RIN reduction. Our results suggest driving the Brillouin laser between 5 to 7 times the Stokes 1 threshold power. The fact that our results obtained in fiber ring resonators are normalized in terms of threshold power and input pump noise allows the transposition of our observations to other photonic structures as planar micro-cavity whatever the type of materials is used.
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